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We report on the dynamical and statistical behavior of flowing collections of granular chains confined
two-dimensionally �2D� within a rotating tumbler. Experiments are conducted with systems of chains of fixed
length, but various lengths are considered. The dynamics are punctuated by cascades of chains along a
free-surface cascades, which drive the development of mixed porous/laminar packing arrangements in bulk.
We investigate the conformation of the system, as characterized by the porosity of the flow region occupied by
the chains and the mean-square end-to-end distance of the chains during flow. Both of these measures show
crossover transitions from a 2D self-avoiding walk to a 2D random walk when the chain length becomes long
enough to allow self-contact.
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A system of macroscopic granular chains is a special type
of granular medium which is interesting not only in its own
right but also because many analogous microscopic systems,
such as polymers or DNA in suspension, are collections of
chainlike objects. The flow dynamics and nonequilibrium be-
havior of systems of macroscopic granular chains might help
elucidate important problems in the crystallization of soft
matter and the formation of localized structures in materials
consisting of macromolecules, such as gels. Recent studies
of granular chains have focused mainly on single chains sub-
ject to external forcing. For example, knotting and unknot-
ting of vertically vibrated chains �1,2�, the entropic tighten-
ing of a figure-8 chain �3�, and the formation of spiral shapes
in a chain on a vibrating plate have been reported �4�. Bel-
monte et al. �5� investigated the dynamics, such as empha-
sizing knotting and unknotting, of an excited hanging chain.
Recently, Kudrolli et al. �6� reported the swarming and swirl-
ing behavior in self-propelled granular rods that showed lo-
cal ordering and aggregation at the sidewalls. Prentis and
Sisan �7� studied the conformations of a thermally excited
polymer by placing a granular chain on a 2D surface among
randomly moving �and colliding� ping pong balls. The mean-
square end-to-end distance of the chain was found to follow
a power-law behavior with respect to the number of links
with exponent that of a 2D self-avoiding random walk
�SAW�.

There are, of course, many statistical mechanical models
of chainlike polymers �8�, with the SAW and conventional
random walk �RW� the most studied and capturing many
important macroscopic features of polymers in solution �9�.
For a single polymer chain consisting a n freely jointed
beads with N=n−1 links, the SAW model shows that the
mean-square end-to-end distance �r2� satisfies �r2��N2�,
with exponent � equal to 1, 0.75, and 0.588 for the one-
dimensional �1D�, two-dimensional �2D�, and three-
dimensional �3D� cases, respectively �10–13�. The universal
critical exponent � of a RW is given by �=0.5 independent
of dimension �10,14�. However, many experiments studying
single real polymers in ideal solutions yield a critical expo-
nent �10,14�. ��0.59 independent of the type of molecule
and solution. Furthermore, Maier et al. �15� and Valle et al.
�16� performed experiments on single DNA chains and ob-

tained ��0.79 and ��0.59 for the 2D and 3D cases, respec-
tively. Due to excluded volume effects, the SAW model pro-
vides a better description for actual polymers.

In this work, we report results concerning the dynamical
and statistical behavior of collections of granular chains ro-
tated in a 2D cylindrical tumbler. We observe a variety of
complex spatiotemporal patterns. The nature of these pat-
terns depends on chain length, the filling percentage of the
chains inside the tumbler, and the rotation rate of the tum-
bler. To characterize the global statistical state of the system,
we focus on the average packing porosity of the granular
chains under flow, the chain conformations, and the mean-
square end-to-end distance of single chains. The porosity dis-
plays a jump at the minimum bead number required to form
a loop in a single chain. The statistical behavior of a ran-
domly selected chain during flow follows a crossover transi-
tion between a 2D SAW and a 2D RW behavior.

The granular chains used in our experiments are hollow
steel spheres of diameter 0.208 cm coupled by steel rods of
diameter 0.0508 cm �McMaster Carr�. The rods act as rigid
bonds that rotate freely and allow maximum distances of
0.286 cm between each pair of beads. It takes n=9 beads to
form the smallest closed loop of a chain �Fig. 3�e��. The
chains are cut to specified lengths consisting of n beads �n
=2,5 ,8 ,9 ,10,12,15,20,25,30,50�. A large number of
chains with fixed n are placed within a 19.05 cm diameter
tumbler of gap size of 0.254 cm, enabling quasi-2D motions
of the enclosed chains. The tumbler is made of transparent
acrylic plates and is free to rotate about an axis oriented
perpendicular to gravity. The inner surfaces of the tumbler
are acrylic and are not treated before use. The radial bound-
ary of the tumbler is aluminum.

The n-bead chains are initially laid within the tumbler
layer by layer with minimum spacing �Fig. 1�a��. The filling
percentage � is defined as the ratio of area occupied by the
chains to the surface area of the inner surface of the tumbler.
Initial values of � considered are 20%, 40%, and 60%. The
tumbler is mounted on an axle �Fig. 1� and rotated by a
motor at a specified constant rotation rate �. For each n and
�, the tumbler is rotated at varying speeds, while instanta-
neous chain conformations, packing porosities, and mean-
square end-to-end distances are recorded.
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The flow dynamics result from gravity pulling the chains
downwards, frictional interactions with the walls of the ro-
tating tumbler, chain-chain interactions, and bead-bead inter-
actions. Our study focuses on flow regimes with small rota-
tion rates. Centrifugal forces are therefore negligible in
comparison to gravitational and frictional forces. With rota-
tion of the tumbler, chains are pulled upwards to the tumbler
until the topmost chains lose stability and fall down the free
surface. The initially flat free surface also roughens substan-
tially �Fig. 1�a��, showing an S-like profile similar to those
seen in conventional particulate flows �17,18�. For suffi-
ciently small rotation rates, a discrete avalanching regime,
also familiar from particulate flows �17,18�, is observed. As
the rotation rate increases, a continuous flow regime emerges
in which the chains close to the radial boundary of the tum-
bler exhibit a solid-body rotation while the chains close to
the flow surface tend to extend and become more mobile. As
falling chains arrive at the radial boundary of the tumbler
they are dragged up anew to the free surface of the flow,
creating a continuous cycle �see �19��. Since the flow is 2D,
chains cannot entangle but rather slide in parallel as laminar
layers.

The conformations of a single chain dyed red �for easy
visualization� have also been tracked �see Fig. 2� and a con-
tinuous spectrum of shapes has been observed. The chains
tend to stretch out before tumbling �Fig. 2�a��. As a single
chain falls along the free surface, its shape changes, becom-
ing more compact �Fig. 2�b��. As the same chain rises from
the bottom below the free surface, its shape almost remains
unchanged. Hence, the granular chains system exhibits more
fluidlike behavior near the free surface and more solidlike
behavior close to the radial boundary of the tumbler �see
�19��. The shape of a single granular chain formed at each
cycle appears random but the closed loop configuration can
only occur for n�9, in which case the closed loop configu-
ration tends to be stable during flow �see �19��.

This prevalence of looped structures increases the poros-
ity of the “solid” bulk part of the flow as the loops create
voids that are difficult for other chains to penetrate. We have
investigated the dependence of porosity upon n, �, and �,
defining the porosity as p=1−A0 /A, where A0 is the initial
area occupied by the chains and A is the area occupied by the
chains during flow �Fig. 1�. Figure 3 shows the dependence
of p upon � �panel a� and granular Froude number that is
related to �, L �panel b� for chains of varying length. Here,
Fr=�2L /g, with L as the maximum contour length of the
chain when it is fully extended.

For �=20% and �=0.1 rev /s, the average packing po-
rosity pn for n=2, 5, 8, 9, 20, 30, and 50 takes values of
p2=0.125, p5=0.176, p8=0.178, p9=0.351, p20=0.393,
p30=0.395, and p50=0.353. Thus, pn doubles with a jump at
n�9 �Fig. 3�a��. This result is made evident in Figs. 3�c� and
3�d�, which show that for fixed filling percentage � and ro-
tation rate �, the expansion is more pronounced for longer
chains. The jump also coincides with the minimum number
n=9 of beads required to form a closed loop. Due to stick-
slip motion, the chains fall from the top due to gravity and
organize themselves layer by layer by lamination and create
spacings among chains. When n�9, voids can only be
formed by the spacing between chains. When n�9, the av-
erage porosity consists of the contribution from the loops and
the spacing between parallel chains, leading to an increase in
p. This argument can be supported by the following estimate.
Consider an ideal situation where all chains �n�9� form
loops and the spacing between chains does not change as the
chain length increases. If each nine-bead chain forms a loop

(a) (b)

FIG. 2. A system of 20-bead chains arising from an initial filling
percentage of 40%, with rotation rate of 0.05 rev/s. Image �a� shows
a snapshot of a dyed chain on the free surface. Image �b� shows the
same dyed chain forming a loop after moving from the free surface
and being dragged up from the radial boundary of the tumbler.
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FIG. 1. �Color online� �a� A close-packed collection of ten-bead
chains with an initial filling percentage of 40%. �b� A snapshot at
rotation rate of 0.1 rev/s. Red lines show the contour of the free
surface of the ten-bead chains.
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FIG. 3. �Color online� �a� For a fixed rotation rate �, average
porosity p versus filling percentage � with varying chain length n.
�b� Porosity p versus dimensionless number �Fr /��0.13�n� / �1
+n���0.35 while varying chain length, filling percentage, and rotation
rate. The solid black line is the best linear fit. For an filling percent-
age of 40% and rotation rate of 0.1 rev/s, �c� two-bead chains. �d�
30-bead chains. �e� Estimate of ploop=1−A0 /A.
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during flow, then for a tumbler filled to 20% of its capacity
with nine-bead chains ploop=0.271 �Fig. 3�e��. For n�9, the
values of p differ by at most 11% and agree well with the
estimate p� p2+ ploop. This is consistent with the observation
that, for chains long enough to form loops, the smallest pos-
sible loop size occurs with the highest probability.

From Fig. 3�a�, we also observe that the average porosity
p=1−A0 /A decreases with increasing � for longer chains.
This suggests that, when A exceeds half the available area,
the curvature of the radial boundary of the tumbler might
constrain the available range of chain conformations, in-
creasing the area occupied by the chains. In Fig. 3�b�, we
also show how porosity varies with the granular Froude
number �Fr=�2L /g, with L as the maximum contour length
of the chain when it is fully extended�, �, and n�=n /9, n is
the bead number. The solid black line is the linear fit from
the data. It indicates that for chains with n beads, p increases
with increasing rotation rate.

A statistical characterization of a system of granular
chains under flow is provided by the mean-square end-to-end
distance of the chains. For simplicity, we fix the filling per-
centage � at 20%, and for each chain length n between 5 and
50 �N between 4 and 49� we vary the rotation rate � of the
tumbler from 0.05 to 0.2 rev/s. We measure �r2�
=�−1	0

�r2�t�dt for two �randomly selected� chains that are
dyed red and blue. The end-to-end distance r of these two
chains is acquired over a period of �=20 min and analyzed
for 200 frames total. The observation time � is sufficiently
long to ensure that the time average of �r2� is independent of
�. For fixed flow conditions, the values of �r2� for the red and
blue chains are consistent for each n considered. For n	9,
the standard deviation of �r2� varies from 0.039 to 0.16 cm2

�see Fig. 4�a� of �r2� versus N=n−1�. For a fixed chain
length, randomly selected red and blue chains yield very
similar results, with rotation rates varying from 0.05 to 0.2
rev/s. This implies that �r2� is independent of rotation rate for
short chains. However, for n�9, �r2� is sensitive to the ro-
tation rate of the tumbler and has standard deviation between
0.17 and 1.6 cm2. Moreover, it takes longer for �r2� to con-
verge to its mean value for longer chains. This is consistent
with the observation that longer chains have more conforma-
tional options. Observing Fig. 4�a�, we also notice that for
N=49, the measured values of �r2� are below the �
=0.5 RW line. Since the chain length at N=49 is compa-
rable to the tumbler diameter, the boundary effects tend to
lower the average �r2� values, as the edge prevents the chain
from fully extending. Even though �r2� does not fall perfectly
on the �=0.5 line for longer chains, Fig. 4�a� does exhibit a
crossover transition from shorter to longer chains. Experi-
mental errors generally preclude the possibility that data
point lie perfectly on the RW line.

For each flow condition �with fixed initial filling percent-
age �=20%�, we plot the mean-square end-to-end distance
�r2� normalized by the square L2 of the maximum contour
length L, against the number N=n−1 of links �Fig. 4�b��.
The maximum contour length L is the length of a granular
chain when it is completely extended and depends linearly
on N. For n	9, the data follow a power-law trend with
�r2� /L2�N−0.5, while for n�9 the data follow a power-law
trend with �r2� /L2�N−1. Since L�N, the best curve fitting

in Fig. 4�b� leads to �r2��N1.5 for n	9 and �r2��N for
n�9. Recall that for the scaling law �r2��N2� between �r2�
for a solution of polymer chains with N links ��0.5 corre-
sponds to 2D random walk while ��0.75 corresponds to a
2D self-avoiding walk �20�. Figure 4 displays a crossover
transition around n=9, i.e., shorter chains follow SAW sta-
tistics while longer chains follow the RW statistics. A plot of
the average end-to-end distance �r� shows a similar transition
at n=9. Due to space limitations, such a plot is not included
here.

Since, for the chains used in our experiments, it takes
n=9 beads to form the smallest possible loop in a granular
chain, for chains with fewer than 9 beads, the beads on each
single chain cannot touch and the chain has a higher prob-
ability to be in a fully close to extended configuration, mean-
ing that motions of granular chains at n�9 are naturally
self-avoiding. When n�9, contact between beads on a single
chain becomes possible. Depending on the flow conditions,
chains adopt various conformations �Fig. 2�. In fact, longer
chains are more likely to form loops and various chain con-
figurations.

In Fig. 5, we also plot the probability density function of
the dimensionless end-to-end distance x=r /L, with r as the
instantaneous end-end distance of a single chain and L as the
relevant maximum contour length. For random walks, the
distribution of end-to-end distance tends to follow a Gauss-
ian curve as the number of beads becomes large �7,21�. In
Fig. 5, we note that agreement with the Gaussian distribution
increases as the number of beads increases. This effect is
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FIG. 4. �Color online� For N=4,7 ,8 ,9 ,11,14,19,24,29,49, �a�
�r2� is plotted against the number of links for both red and blue
chains at different rotation rates, �=0.05 rev /s �close symbols�,
�=0.1 rev /s �open symbols�, and �=0.2 rev /s �cross symbols�.
�b� Mean-square end-to-end distance �r2� normalized by the maxi-
mum contour length square L2 versus the number N of links.
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consistent with the behavior of polymer melts, where the
presence of other chains makes a long chain exhibit RW
instead of SAW behavior.

Despite the short chain lengths �5	n	50� considered in
our experiments, measured values of �r2� lie between 2D
SAW and 2D RW and the power-law scaling provides a rea-
sonable description �see Fig. 4�b��. It is well known that the
critical exponents � become evident for walks of modest
length �n=9� for the 2D case, as evidenced by computer
simulations �14,22–25�, even though in principle the expo-
nents are asymptotic values found for walks involving a very
large number of beads �n�.

Regarding the manifestation of the crossover transition
occurring around n=9, we know that for n�9 the chains

must elongate to form a loop. As the chain length increases,
both intrachain and interchain interactions intensify. This
trend leads to a crossover transition from 2D SAW to 2D RW
behavior which occurs at around n=9.

For n�9, beads on each single chain are self-avoiding by
default, while for longer chains the successive beads that do
not form loops are usually in contact. Moreover, the longer
the chain is, the more likely it is for two successive beads to
be in contact so that excluded volume effects decrease.
Longer chains therefore tend to follow a random-walk pat-
tern. That is, with increasing link number N, �r2� falls closer
to the RW trend line.

In summary, we have studied the dynamical and statistical
behavior of flowing collection of granular chains confined
within a 2D rotating tumbler. The length of the fully
stretched chain is shorter than or comparable to the diameter
of the two-dimensional tumbler. We found that: �a� Systems
of granular chains display complicated packing and flow be-
havior when rotated in a 2D tumbler with axis perpendicular
to gravity. �b� The average packing porosity increases with
increasing rotation rate and decreasing filling percentage,
partially due to the gravitational effect. The porosity also
displays a jump at n=9, the minimum bead number required
to form the smallest loop of a single chain. �c� The statistical
behavior of �r2� of a randomly selected chain during flow
follows a crossover transition between 2D SAW to 2D RW
behavior. Our results elucidate important statistical informa-
tion of chain systems at macroscopic length scales. Future
experiments will focus on the intrachain interactions and
segregation behavior in systems of granular chains with dif-
ferent lengths.
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